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Introduction 
It is well-known that the representation of a Boolean algebra A as a 
field 2) of sets correspond one-one with the dense subspaces of S(A), the 
Stone space of prime ideals of A, in the following sense [9, 10]. Let X 
be a dense subspace of S(A) then the corresponding field is the field of 
all those subsets of X which are the set-theoretic intersections of open-
and-closed subsets of S(A) with X. If F is a field of subsets of a set ~ 
then~ becomes a zero dimensional Hausdorff space (also denoted by~) 
if we take F as a base for the topology. Then ~ can be imbedded as a 
dense subspace in the Stone space of F. If~ is an arbitrary zero dimen-
sional Hausdorff space then a family F of subsets of~ will be called a 
Boolean base for the topology of ~ if F is a base for the topology of ~ 
and if F is a field of open-and-closed subsets of ~. It is not difficult to 
see that there is a one-one correspondence between the Boolean bases of 
~ and the zero dimensional Hausdorff compactifications of ~ in such 
a way that ifF is a Boolean base of~ then the corresponding zero dimen-
sional Hausdorff compactification of~ is the Stone space of F. The set 
of Boolean bases of ~ can be partially ordered by set inclusion. The 
zero dimensional Hausdorff compactifications of ~ also form a partially 
ordered system [8]. If F 1 and F 2 are two Boolean bases and F1 is contained 
in F 2 then F 1 is a subalgebra of F 2 and this again means that the Boolean 
space of F 1 is a continuous image of the Boolen space of F 2 • Then it easily 
follows that the partially ordered set of zero dimensional Hausdorff 
compactifications of ~ is isomorphic to the partially ordered set of 
Boolean bases of ~. Obviously, the largest zero dimensional Hausdorff 
compactification of ~ corresponds with the Boolean base consisting of 
all open-and-closed subsets of ~ [I, 5, 7]. In general this largest zero 
dimensional Hausdorff compactification is not the Stone-Cech compacti-
fication (3~, but it is clear that this is the case if and only if (3~ is zero 
dimensional. There exist several equivalent conditions in order that -(3~ 
1) 'This work was supported by an XL grant of the Purdue Research Foundation. 
2 ) We will always assume throughout this paper that a field is reduced. 'This 
means that for any two distinct points x and y there is a member X of the field 
such that x E X and y if: X. 
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be zero dimensional. We will make use of the following one [3]. For every 
pair U and V of completely separated (refering to continuous functions) 
subsets of §' there exists an open-and-closed subset U* of §' which 
contains U but which is disjoint from V. 
This short note consists of three sections. Section 3 is independent of 
the sections 1 and 2 but all our results are based on the notions described 
above. In section 1 we shall consider a certain type of field representations 
of a Boolean algebra introduced by HEIDER [6] and we shall prove that 
a Boolean algebra A is complete if and only if A has a "sufficiently large 
amount" of field representations of this type (Theorem 1). In sectton 2 
we shall introduce a certain class of prime ideals which we shall term 
pseudo-principal prime ideals and we shall show that with every pseudo-
principal prime ideal is associated a field representation of this type 
(Theorem 2). Section 3 will deal with the Stone space of the cartesian 
product of a family of Boolean algebras. 
1. Complete Boolean algebras 
Suppose that A is a Boolean algebra and suppose that a field F of 
subsets of a set §' is a field representation of A. Thus A and F are iso-
morphic as Boolean algebras. Let at the same time §' also denote the 
zero- dimensional Hausdorff space that is obtained by taking F as a 
base for a topology on §'. F is called union-intersection closed [6] if §' 
does not. have more open-and-closed subsets than those belonging to F. 
It follows immediately from the introduction that F is union-intersection 
closed if and only if the Stone space S(A) of A is the largest zero dimen-
sional Hausdorff compactification of§'. It is clear that A always has a 
field representation which is union-intersection closed namely the field 
of all open-and-closed subsets of S(A). But this need not be the only field 
representation of A which is union-intersection closed. For instance the 
field of all subsets of a set N"' of <X elements (<X an cardinal) is union-inter-
section closed whereas the Stone space of this field is the Stone-Cech 
compactification of the . discrete space N "'" A simple example of a field 
which is not union-intersection closed is the field of all finite and cofinite 
subsets of an infinite set. We shall call a field representation of A open 
if the corresponding dense subspace of S(A) (see introduction) is open. 
The algebraic formulation of this concept is a little bit more complicated. 
Let a field F of subsets of a set§' be a field representation of A. Let for 
every x E §', Ix= {X, x fj X, X E F} then Ix is a prime ideal of A. It is 
not difficult to see that F is open if and only if thme exists an ideal I of 
A, such that for every prime ideal J of A, J -p I if and only if J =I x for 
some x E §'. 
The following theorem reveals the relation that exists between the 
property of being complete for a Boolean algebra A, and the existence 
of field representations of A which are union-intersection closed and 
which are open. 
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Theorem I. 
A Boolean algebra is complete if and only if all of its open field repre-
sentations are union-intersection closed. 
Proof. 
Suppose that A is a complete Boolean algebra. It is:well-known and easy 
to prove that S(A) is extremely disconnected (the closure of every open 
subset is open). In order to show that every open field representation of 
A is union-intersection closed we must prove that the open-and-closed 
subsets of any open dense subspace X of S(A) are exactly those which 
are the set-theoretic intersections of the open-and-closed subsets of S(A) 
with X. Let U be a subset of X which is open-and-closed in X. Let Ol U 
denote the closure of U in S(A) and let X' denote the complement of X 
in S(A). U is open in S(A) and S(A) is extremely disconnected thus OL U 
is open in S(A). Again U is closed in X thus U u X' is closed in S(A). 
It follows that Ol U n X= U. 
Secondly let us suppose that every open field representation of A is 
union-intersection closed. Thus the field of open-and-closed subsets of 
any open dense subspace of S(A) is union-intersection closed. We must 
show that A is complete or, equivalently, that S(A) is extremely discon-
nected. Let U be an open subset of S(A) then we must prove that Ol U 
is open. Let (Ol U)' denote the complement of Ol U in S(A). U U (Ol U)' 
is an open dense subspace of S(A) and it is obvious that U is open-and-
closed in U u (Ol U)'. By hypothesis there exists an open-and-closed 
subset V of S(A) such that U = V n (U U (Ol U)'). It is easy to see that 
V = Ol U thus Ol U is open. This completes the proof of the theorem. 
2. Pseudo-principal prime ideals 
If A is a complete Boolean algebra then it follows immediately from 
Theorem I that every subspace of S(A)which is the complement of a not 
isolated point corresponds with a field representation of A which is 
union-intersection closed. We shall call an ideal I of A pseudo-principal 
if for every two ideals h and J2 of A for which J1 V l2=l, h 1\ lz= (0) 
we have that either h or 12 is principal. (V and 1\ mean join and meet in 
the lattice of ideals; (0) is the ideal of A consisting of the zero element 
0 only). We observe that every principal ideal is pseudo-principal. 
Now let P be a prime ideal of A that is not principal. Let p be that point 
of S(A) that corresponds with P and let p' be the set-theoretic complement 
of p in S(A). Finally let Fp denote the field of open-and-closed subsets 
of p' which are the intersections of the open-and-closed subsets of S(A) 
with p'. We know that F p is a field representation of A. We shall prove 
the following theorem. 
Theorem 2. 
Let A be a Boolean algebra. Let P be a prime ideal of A which is not prin-
cipal. Then F Pis unionintersection closed if and only if P is pseudo-principal. 
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Proof. 
First let us suppose that Fp is union-intersection closed. Let h and I 2 
be two ideals of A such that I 1 v I 2 =P and h 1\ I 2 = (0). Let U1 be the 
set of all points of S(A) representing those prime ideals of A that do not 
contain h and let U2 be defined similarly. Then U1 and U2 are open 
subsets of S(A) and U1 u U2=p' and U1 n U2=cp. We must prove that 
either U1 or U2 is closed. Now U1 up is closed in S(A) thus U1 is closed 
in p', but U1 is also open in p'. Thus by hypothesis either U1 is closed in 
S(A) or U1 up is open in S(A). But in the latter case U2 is closed in S(A). 
Secondly suppose that P is pseudo-principal. We must show that Fp 
is union-intersection closed. Let U be an open-and-closed subset of the 
subspace p'. Evidently U is open in S(A) and U Up is closed in S(A) 
thus (U Up)' is open in S(A). P is pseudo-principal thus either U or 
(U up)' is closed in S(A). But in the latter case U up is open in S(A). 
Thus either U or U Up is open-and-closed in S(A). This proves that Fp 
is union-intersection closed. 
The following corollary is a consequence of the theorems l and 2. 
Corollary. 
Every prime ideal of a complete Boolean algebra is pseudo-principal. 
Remark. 
The question remains open whether the converse of this corollary holds. 
Thus, if every prime ideal of a Boolean algebra A is pseudo-principal, 
is A complete ?. Or, equivalently, does every not complete infinite Boolean 
algebra have a prime ideal which is not pseudo-principal P) 
3. Product of Boolean algebras 
Let {Ai, i E I} be a family of Boolean algebras then the cartesian 
product of this family is defined in the usual way and is denoted by II At. 
iEI 
If the family {At, i E I} is finite then it is not difficult to see that the 
Stone space of II Ai is the topological sum of the spaces S(At), i E I, 
iEI 
[4, 2]. Thus, denoting the topological sum of a family {Xi, i E I} of topo-
logical spaces by _2 Xt we have that for a finite family {At i E I} of 
iEI 
Boolean algebras S( II Ai) = _2 S(At). However if the family {At, i E I} 
iEI iEI 
is infinite then the space .2 S(At) is not compact. On the other hand 
iEI 
.2 S(At) is zero dimensional and Hausdorff and the field of all open-and-
ier 
closed subsets of this space is a field representation of II At. Therefore 
iEI 
the Stone space of II At is the largest zero dimensional Hausdorff 
iEI 
1} Added in proof. J\II. Henriksen has provided the following counter example. 
The Boolean algebra of all subsets of a set of ~h elements modulo countable 
subsets is not complete and all of its prime ideals are pseudo-principal. 
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compactification of ! S(At) (see introduction) and the following states 
ill I 
that it is the Stone-Cech compactification of ! S(At). 
iEI 
Theorem 3. 
The Stone space of the cartesian product of a set of Boolean algebras 
is the Stone-Cech compactification of the topological sum of their Stone 
spaces. 
Proof. 
Let {At, i E I} be the set of Boolean algebras. We only need to show 
that if U and V are completely separated subsets of ! S(At), then there 
iEI 
exists an open-and-closed subset U* of ! S(At) such that U* :J U and 
iEI 
U* () V =cp. We have U = U (U () S(At)), V = U (V () S(At)) and it is 
iEI iEI 
clear that for every i E I, U () S(At) and V () S(At) are completely 
separated in S(Ai)· But S(At) is compact thus there exists for every i E I 
an open-and-closed subset Ut* of S(At) such that Ut* :J U () S(At) and 
Ut* () V () S(At) =cp. Now let U = U Ut then obviously U* is open-and-
iEI 
closed in ! S(At) and· U* :J U and U* () V =cp. 
iEI 
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